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Abstract
It is well known [M.F. Atiyah, V.K. Patodi, I.M. Singer, Spectral asymmetry and Riemannian geometry I, Math. Proc. Camb.
Phil. Soc. 77 (1975) 43–69] that the spectrum of the Dirac operator on a closed Riemannian spin manifold Mn of dimension
n,n ≡ 3 mod 4, is always symmetric (with respect to zero). In the paper we prove, over odd-dimensional Riemannian product
manifolds M2p1 ×M
2q+1
2 with 2p+ 2q + 1 ≡ 3 mod 4, that if the Aˆ-genus of M
2p
1 vanishes, Aˆ(M1) = 0, then the Dirac spectrum
of M2p1 ×M2q+12 is symmetric. We point out that if the Dirac spectrum of M2q+12 is not symmetric, then Aˆ(M1) = 0 is a necessary
condition for the spectral symmetry on M2p1 ×M
2q+1
2 .
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Let (Mn,g) be an n-dimensional closed Riemannian spin manifold. The Dirac operator D induced by the Levi-
Civita connection of (Mn,g) is a self-adjoint elliptic operator of first-order and hence the spectrum Spec(D) of D
is discrete and real. The behaviour of Spec(D) generally depends on the metric and the spin structure. Only for
some particular types of Riemannian spin manifolds, we can explicitly calculate Spec(D) via representation theoretic
methods, e.g., for tori [8], spheres [3,4,10] and complex projective spaces [6,7,15]. In [1] one finds a full list of
examples for which Spec(D) has been computed. For general properties of Dirac operators we refer to [9,12].
The spectrum Spec(D) is called symmetric if −λ ∈ Spec(D) whenever λ ∈ Spec(D) and multiplicity of −λ is
equal to that of λ. We know [2] that Spec(D) is always symmetric when n ≡ 3 mod 4 for, if n is even, the volume
form μ of (Mn,g) anti-commutes with the Dirac operator
D ◦μ = −μ ◦D
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(Mn,g) such that
D ◦ j1 = −j1 ◦D.
(In Section 2 we review the definition of the mapping j1 as well as its basic properties.)
The asymmetry of Spec(D) in the odd-dimensional case n,n ≡ 3 mod 4, was investigated by Atiyah, Patodi and
Singer [2] via the eta function defined by
η(s) :=
∑
λ=0
sgn(λ)
|λ|s , s ∈ C,
where λ runs through the eigenvalues according to their multiplicities. The series η(s) converges for sufficiently large
Re(s) and has a meromorphic continuation to the whole C with η(0) finite. They showed in fact that the value η(0)
appears as a global correction term for the index theorem for compact manifolds with boundary. Since η(s) = 0 is a
necessary condition for symmetry of Spec(D), a natural question now arises under which topological or geometric
restrictions on (Mn,g) the spectrum Spec(D) becomes symmetric. The aim of this paper is to establish some sufficient
conditions for symmetry of Spec(D) on Riemannian product manifolds. We summarize the results of the paper (see
Propositions 3.2–3.4).
Main Theorem. Let (Qn := M2p1 × M2q+12 , h := g1 + g2) be a Riemannian product of two closed Riemannian spin
manifolds (M2p1 , g1), p  1, and (M2q+12 , g2), q  1. Let DM1 , DM2 and D be the Dirac operator of (M2p1 , g1),
(M
2q+1
2 , g2) and (Qn,h), respectively.
(i) If Spec(DM2) is symmetric, then Spec(D) is symmetric.
(ii) If the Aˆ-genus of M2p1 vanishes, Aˆ(M1) = 0, then Spec(D) is symmetric. If Spec(D) is symmetric but Spec(DM2)
is not symmetric, then Aˆ(M1) = 0.
(iii) Let (S1, g2) be a circle with (possibly non-standard) metric. Then the spectrum of the Dirac operator D of
(M
2p
1 × S1, g1 + g2) is symmetric.
The idea to prove the theorem starts with an observation that the Dirac operator D of (Qn,h) divides into two parts
D = D+ +D− (see (3.1) below) and the operator μ1 ·D+ anti-commutes with D (see Proposition 3.1(i))
D ◦ (μ1 ◦D+) = −(μ1 ◦D+) ◦D,
where μ1 is the volume form of (M2p1 , g1). Let Γλ(D) be the space of all nontrivial eigenspinors of D for eigenvalue
λ = 0. Then, for ψ ∈ Γλ(D) with nontrivial D+ψ ≡ 0, the correspondence ψ −→ μ1 · D+ψ between Γλ(D) and
Γ−λ(D) is clearly bijective. For ψ ∈ Γλ(D) with trivial D+ψ = 0, we prove the one-to-one correspondence between
Γλ(D) and Γ−λ(D) under the assumption Aˆ(M1) = 0 and via a nice relation established in Lemma 3.4. The decom-
position property in Lemma 3.4 is an immediate consequence of the fact (see Lemma 3.3) that the eigenvalues of D2
are all possible sums of one eigenvalue of D2M1 and one of D
2
M2
.
2. Some general properties in spin geometry
In the former part of this section we review some basic facts concerning two complex-antilinear mappings j0, j1
in a spinor bundle (see Definition 2.1) [2,5,9,11,13]. The mapping j0 is well-defined on (Mn,g) only if n ≡ 1 mod 4,
while j1 is well-defined for all n 2. Later we will use j0, j1 jointly to prove that the spectrum Spec(D) of (M2p1 ×
M
2q+1
2 , g1 + g2) is symmetric if q is even (see Proposition 3.1(ii)). In the latter part of the section we explain the
local characterization of a spinor field as well as its derivative (see Lemma 2.1 and (2.9)–(2.10)) in some detail, which
helps to clarify our discussions in the next section.
The real Clifford algebra Cl(Rn) is multiplicatively generated by the standard basis (e1, . . . , en) of the Euclidean
space Rn via the relations
ekel + elek = −2δkl, k, l = 1, . . . , n.
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matrix algebra M(2m;C)⊕M(2m;C) for n = 2m+ 1. Denote
G1 :=
(√−1 0
0 −√−1
)
, G2 :=
(
0
√−1√−1 0
)
,
T :=
(
0 −√−1√−1 0
)
, E :=
(
1 0
0 1
)
and let α(k) be
α(k) :=
{1 if k is odd,
2 if k is even.
(i) In case that n = 2m, we have the isomorphism Cl(Rn;C) ∼= M(2m;C) via the map:
ek → T ⊗ · · · ⊗ T︸ ︷︷ ︸
[ k−12 ]-times
⊗Gα(k) ⊗E ⊗ · · · ⊗E.
Restricting the representation to Spin(2m), we obtain a 2m-dimensional spinor representation of Spin(2m).
(ii) In case that n = 2m + 1, we have the isomorphism Cl(Rn;C) ∼= M(2m;C) ⊕ M(2m;C) via the map (k =
1, . . . ,2m):
ek →
(
T ⊗ · · · ⊗ T︸ ︷︷ ︸
[ k−12 ]-times
⊗Gα(k) ⊗E ⊗ · · · ⊗E, T ⊗ · · · ⊗ T︸ ︷︷ ︸
[ k−12 ]-times
⊗Gα(k) ⊗E ⊗ · · · ⊗E
)
,
e2m+1 →
(√−1T ⊗ · · · ⊗ T︸ ︷︷ ︸
m-times
, −√−1T ⊗ · · · ⊗ T︸ ︷︷ ︸
m-times
)
.
If we restrict the representation to Spin(2m + 1) and project onto the first component of M(2m;C) ⊕ M(2m;C), we
obtain a 2m-dimensional spinor representation of Spin(2m+ 1).
Let us denote by u(	) ∈ C2 the vector
(2.1)u(	) := 1
2
(
1
−	√−1
)
, 	 = ±1.
Then
(2.2)u(	1, . . . , 	m) := u(	1)⊗ · · · ⊗ u(	m), m =
[
n
2
]
,
form an orthonormal basis for the spinor space Δn := C2m , m = [n2 ], with respect to the standard hermitian inner
product. Globalizing the above action of the Clifford algebra on the spinor space
γ : Cl(Rn;C)×Δn → Δn
gives rise to the Clifford multiplication
γ : Cl(M)×Σ(M) → Σ(M),
where Cl(M) and Σ(M) are the Clifford bundle and the spinor bundle of (Mn,g), respectively. We will henceforth
write the usual Clifford multiplication as “·”. Let (E1, . . . ,En) be a local orthonormal frame field on (Mn,g). Then
the derivative ∇ and the Dirac operator D of (Mn,g), acting on sections ψ ∈ Γ (Σ(M)) of the spinor bundle Σ(M),
are locally expressed as
(2.3)∇Ekψ = Ek(ψ)+
1
4
n∑
l=1
El · ∇EkEl ·ψ
and
Dψ =
n∑
El · ∇Elψ,
l=1
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Σ(M).
Definition 2.1. The complex-antilinear mappings j0, j1 :Δn → Δn defined, in the notations of (2.1)–(2.2), by
j0u(	1, . . . , 	m) = (
√−1 )	1+2	2+···+(m−1)	m−1+m	mu(−	1, . . . ,−	m),
j1u(	1, . . . , 	m) = (
√−1 )m	1+(m−1)	2+···+2	m−1+	m u(−	1, . . . ,−	m), m =
[
n
2
]
,
are called the j0-structure and j1-structure, respectively.
Using our representation of the Clifford algebra, one easily verifies the following facts. We fix m = [n2 ].
(i) j0 ◦ek = ek ◦j0 for all k = 1, . . . ,2m and j0 ◦e2m+1 = (−1)m+1e2m+1 ◦j0. In particular, the mapping j0 :Δn →
Δn is Spin(n)-equivariant for n,n ≡ 1 mod 4.
(ii) j1 ◦ el = (−1)m+1el ◦ j1 for all l = 1, . . . , n. In particular, the mapping j1 :Δn → Δn is Spin(n)-equivariant
for all n 2.
(iii) j0 ◦ j0 = j1 ◦ j1 = (−1)m(m+1)/2 and j0 ◦ j1 = j1 ◦ j0.
(iv) 〈j0(ψ), j0(ϕ)〉 = 〈j1(ψ), j1(ϕ)〉 = 〈ϕ,ψ〉, ϕ,ψ ∈ Δn, where 〈·, ·〉 is the standard hermitian inner product
on Δn.
Globalizing the j0- and j1-structure to mappings j0, j1 :Σ(M) → Σ(M), we can carry all the properties (i)–(iv)
over to Σ(M). Since both j0 and j1 commute with the spinor derivative ∇
∇ ◦ j0 = j0 ◦ ∇, ∇ ◦ j1 = j1 ◦ ∇,
and
j0 ◦X = X ◦ j0, j1 ◦ Y = (−1)m+1Y ◦ j1
hold for all vector fields X,Y on Mn, we have
D ◦ j0 = j0 ◦D
and
(2.4)D ◦ j1 = (−1)m+1j1 ◦D.
From (2.4) it follows that if the dimension n of (Mn,g) is odd with n ≡ 1 mod 4, then Spec(D) is symmetric.
Now we review the process of characterizing a spinor field in local form. Let P be the SO(n)-principal bundle of
positively oriented orthonormal frames of (Mn,g). A spin structure of (Mn,g) is a Spin(n)-principal bundle P˜ over
Mn together with such a 2-fold covering map Θ : P˜ → P that preserves the group action on the fibres
Θ(p˜g˜) = Θ(p˜)θ(g˜), p˜ ∈ P˜ , g˜ ∈ Spin(n),
where θ : Spin(n) → SO(n) is the standard 2-fold covering homomorphism. Associated to the spinor representation
ρ : Spin(n) → End(Δn) obtained above by restricting the representation of the Clifford algebra, one defines the spinor
bundle Σ(M) of (Mn,g) as the complex vector bundle
Σ(M) = P˜ ×ρ Δn.
Each element of Σ(M) is an equivalence class [p˜, s], p˜ ∈ P˜ , s ∈ Δn, subject to the relation
(2.5)[p˜, s] = [p˜g˜, g˜−1s], g˜ ∈ Spin(n).
Let us now fix a local trivialization of P˜ . Namely, let {Oα} be a covering Mn =⋃α Oα of Mn by open sets Oα ⊂ Mn
for which there exists a system of transition functions {g˜α1α2 :Oα1 ∩ Oα2 → Spin(n)} and a system of local sections{σ˜α :Oα → P˜ } such that σ˜α2 = σ˜α1 g˜α1α2 . Let u	k = u(	k1, . . . , 	km), 	kl = ±1, k = 1,2, l = 1, . . . ,m, be the multi-
index notation for the orthonormal basis in (2.1)–(2.2). Then, on Oα ∩ Oα ⊂ Mn, a spinor field ψ ∈ Γ (Σ(M)) is1 2
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ψ =
∑
	1
f 	1α1 Uα1,	1 =
∑
	1
[
σ˜α1, f
	1
α1 u	1
]
(2.6)=
∑
	2
f 	2α2 Uα2,	2 =
∑
	2
[
σ˜α2, f
	2
α2 u	2
]
,
where f 	1α1 :Oα1 → C and f 	2α2 :Oα2 → C are complex-valued functions defined on Oα1 and Oα2 , respectively, and
Uα1,	1 := [σ˜α1, u	1 ] and Uα2,	2 := [σ˜α2 , u	2] are local spinor frame fields on Oα1 and Oα2 , respectively. Due to (2.5)
the collection {f 	α :Oα → C} necessarily satisfies the transformation rule
(2.7)f 	1α1 =
∑
	2
(g˜α1α2)
	1
	2f
	2
α2 .
In fact, the following holds:
Lemma 2.1. Fix a local trivialization {(Oα, σ˜α, g˜α1α2)} for P˜ . Then, given a collection of locally defined complex-
valued functions {f 	α :Oα → C}, there exists such a spinor field ψ ∈ Γ (Σ(M)) on Mn that
ψ =
∑
	
f 	αUα,	
holds on Oα ⊂ Mn for all α if and only if the transformation rule (2.7) is satisfied.
Next we look at the local formula (2.3) for the spinor derivative ∇ψ . We will refine the formula in terms of a local
spinor frame field {Uα} and describe its behaviour under change of the local spinor frame field. Let ω˜ be the lift of the
Levi-Civita connection of (Mn,g) to P˜ . Then ω˜ is a spin(n)-valued 1-form and the pull-backs of ω˜, brought about by
local sections σ˜α :Oα → P˜ , are the local connection forms ω˜α := ω˜ ◦ dσ˜α satisfying the transformation rule
(2.8)ω˜α2 = Ad
(
g˜−1α1α2
)
ω˜α1 + g˜−1α1α2 dg˜α1α2 ,
where Ad : Spin(n) → Aut(Cl(Rn)) is the adjoint representation and dg˜α1α2 is the derivative of g˜α1α2 . Due to the 2-
fold covering map Θ , we have a system of transition functions {gα1α2 = θ(g˜α1α2) :Oα1 ∩ Oα2 → SO(n)} for P and
a system of local sections {σα = Θ(σ˜α) :Oα → P } such that σα2 = σα1gα1α2 . Letting Eα1,k := [σα1, ek], Eα2,k :=[σα2 , ek], k = 1, . . . , n, and using the notations of (2.6), we find that
(2.9)∇Xψ =
∑
	1
df 	1α1 (X)Uα1,	1 +
1
4
n∑
l=1
Eα1,l · ∇XEα1,l ·
(∑
	1
f 	1α1 Uα1,	1
)
(2.10)=
∑
	2
df 	2α2 (X)Uα2,	2 +
1
4
n∑
l=1
Eα2,l · ∇XEα2,l ·
(∑
	2
f 	2α2 Uα2,	2
)
holds on Oα1 ∩ Oα2 ⊂ Mn. Via direct computations, using (2.7)–(2.8), one easily verifies that (2.9) is indeed equal
to (2.10), i.e.,
∑
	2
df 	2α2 (X)Uα2,	2 =
∑
	1
df 	1α1 (X)Uα1,	1 − dg˜α1α2(X)g˜−1α1α2 ·
(∑
	1
f 	1α1 Uα1,	1
)
and
1
4
n∑
l=1
Eα2,l · ∇XEα2,l ·
(∑
	2
f 	2α2 Uα2,	2
)
= 1
4
n∑
l=1
Eα1,l · ∇XEα1,l ·
(∑
	1
f 	1α1 Uα1,	1
)
+ dg˜α1α2(X)g˜−1α1α2 ·
(∑
	1
f 	1α1 Uα1,	1
)
.
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Throughout this section we assume that (Qn := Mn11 ×Mn22 , h := g1 + g2) is a Riemannian product of two closed
Riemannian spin manifolds (Mk,gk), k = 1,2. Since we are interested in the odd dimensional case n = n1 + n2 ≡
3 mod 4, we assume from now on that n1 = 2p, p  1, is even and n2 = 2q + 1, q  1, is odd. Certainly, (Qn,h)
possesses a naturally induced spin structure and its spinor bundle is no other than the tensor product of the spinor
bundle of (M2p1 , g1) and the spinor bundle of (M
2q+1
2 , g2). Let us denote by (E1, . . . ,E2p) and (F1, . . . ,F2q+1) a
local orthonormal frame on (M2p1 , g1) and (M
2q+1
2 , g2), respectively. Identifying (E1, . . . ,E2p) and (F1, . . . ,F2q+1)
with their lifts to (Qn,h), we may regard (E1, . . . ,E2p,F1, . . . ,F2q+1) as a local orthonormal frame on (Qn,h).
Consider the partial Dirac operators D+,D− acting on sections ψ ∈ Γ (Σ(Q)) of the spinor bundle over (Qn,h):
(3.1)D+ψ =
2p∑
k=1
Ek · ∇Ekψ, D−ψ =
2q+1∑
l=1
Fl · ∇Flψ.
Define the twist D˜ of the Dirac operator D = D+ +D− by
D˜ = D+ −D−.
Since the Riemann curvatures R(Ek,Fl, ·, ·) = 0 vanish, we have
(3.2)D−D+ +D+D− = 0
and hence
(3.3)D2 = D2+ +D2− = D˜2.
Moreover, using (3.2)–(3.3), one easily proves:
Lemma 3.1. The second-order operators D2,D2+ and D2− commute with each other.
Let μ1 = E1 ∧ · · · ∧E2p, Ek := g1(Ek, ·), be the volume form of (M2p1 , g1) as well as the lift to (Qn,h). Then
(3.4)D+ ◦μ1 = −μ1 ◦D+, D− ◦μ1 = μ1 ◦D−,
and
(3.5)D ◦μ1 = −μ1 ◦ D˜, D˜ ◦μ1 = −μ1 ◦D.
Since any principal bundle over (Qn,h) with structure group Spin(2p + 2q + 1) reduces to a principal bundle with
structure group Spin(2p) × Spin(2q + 1)/Z2, the complex-antilinear mapping j∗ :Δ2p+2q+1 → Δ2p+2q+1 defined
by
j∗u(	1, . . . , 	p, 	p+1, . . . , 	p+q) =
{
j0u(	1, . . . , 	p)
}⊗ {j1u(	p+1, . . . , 	p+q)},
combining the j0- and j1-structure in Definition 2.1, globalizes to a mapping j∗ :Σ(Q) → Σ(Q) in the spinor bundle
Σ(Q). It is straightforward to verify the following basic properties of j∗:
(i) j∗ ◦Ek = Ek ◦ j∗, k = 1, . . . ,2p,
j∗ ◦ Fl = (−1)q+1Fl ◦ j∗, l = 1, . . . ,2q + 1,
(ii) ∇ ◦ j∗ = j∗ ◦ ∇,
(3.6)(iii) D+ ◦ j∗ = j∗ ◦D+, D− ◦ j∗ = (−1)q+1j∗ ◦D−.
Proposition 3.1. In the notations above we have:
(i)
D ◦ (μ1 ◦D+) = −(μ1 ◦D+) ◦D.
E.C. Kim / Differential Geometry and its Applications 25 (2007) 309–321 315(ii) If the number q is even, then
D ◦ (μ1 ◦ j∗) = −(μ1 ◦ j∗) ◦D.
In particular, the spectrum Spec(D) of Qn = M2p1 ×M2q+12 is symmetric for q even.
Proof. On account of (3.2) and (3.4)–(3.5),
D ◦μ1 ◦D+ = −D ◦D+ ◦μ1 = −D+ ◦ D˜ ◦μ1 = D+ ◦μ1 ◦D = −μ1 ◦D+ ◦D,
which proves part (i). Using (3.4) and (3.6), one verifies that
D+ ◦μ1 ◦ j∗ = −μ1 ◦D+ ◦ j∗ = −μ1 ◦ j∗ ◦D+
and
D− ◦μ1 ◦ j∗ = μ1 ◦D− ◦ j∗ = −μ1 ◦ j∗ ◦D−.
This proves part (ii) of the proposition. 
The representation of the Clifford algebra in Section 2 gives rise to an action of the Clifford bundle Cl(Q) on the
spinor bundle Σ(Q):
Ek · (ϕ1 ⊗ ϕ2) = (Ek · ϕ1)⊗ ϕ2, k = 1, . . . ,2p,
Fl · (ϕ1 ⊗ ϕ2) = (
√−1 )p(μ1 · ϕ1)⊗ (Fl · ϕ2), l = 1, . . . ,2q + 1,
where ϕ1 ∈ Γ (Σ(M1)) and ϕ2 ∈ Γ (Σ(M2)). Denote by ∇M1 (resp. ∇M2 ) the Levi-Civita connection and by DM1
(resp. DM2 ) the Dirac operator of (M2p1 , g1) (resp. (M2q+12 , g2)). Then we have the formulas:
(3.7)∇X(ϕ1 ⊗ ϕ2) =
(∇M1π1(X)ϕ1)⊗ ϕ2 + ϕ1 ⊗ (∇M2π2(X)ϕ2),
(3.8)D(ϕ1 ⊗ ϕ2) = (DM1ϕ1)⊗ ϕ2 + (
√−1 )p(μ1 · ϕ1)⊗ (DM2ϕ2),
(3.9)D2(ϕ1 ⊗ ϕ2) =
(
(DM1)
2ϕ1
)⊗ ϕ2 + ϕ1 ⊗ ((DM2)2ϕ2),
where π1 :T (M1 × M2) → T (M1) and π2 :T (M1 × M2) → T (M2) are the natural projections. We will slightly
generalize the formulas (3.7)–(3.8) and thereby prove Lemma 3.2 below. For this purpose we need to recall the
remarks as well as the notations in the latter part of Section 2. Let P˜M1 (resp. P˜M2 ) be a Spin(2p)-principal bun-
dle over M2p1 (resp. Spin(2q + 1)-principal bundle over M2q+12 ) inducing the spin structure of (M2p1 , g1) (resp.
(M
2q+1
2 , g2)). Let {(Oˇα, σˇα, gˇα1α2)} and {(Oˆβ, σˆβ, gˆβ1β2)} be local trivializations for P˜M1 and P˜M2 , respectively. Let
Uα,	, 	 = (	1, . . . , 	p), 	k = ±1, and Vβ,δ, δ = (δ1, . . . , δq), δl = ±1, be the multi-index notation for a local spinor
frame field on Oˇα ⊂ M2p1 and on Oˆβ ⊂ M2q+12 , respectively. Then a spinor field ψ ∈ Γ (Σ(Q)) on Qn is locally
expressed as
(3.10)ψ(x, y) =
∑
	,δ
f
	,δ
α,β(x, y)Uα,	(x)⊗ Vβ,δ(y), (x, y) ∈ Oˇα × Oˆβ ⊂ Qn,
where f 	,δα,β : Oˇα × Oˆβ → C are locally defined complex-valued functions satisfying the transformation rule
(3.11)f 	1,δ1α1,β1 =
∑
	2,δ2
(gˇα1α2)
	1
	2(gˆβ1β2)
δ1
δ2
f
	2,δ2
α2,β2
.
Let us fix some β and δ in the collection {f 	,δα,β}, then (3.11) reduces to
f
	1,δ
α1,β
=
∑
	2
(gˇα1α2)
	1
	2f
	2,δ
α2,β
.
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(3.12)ψ(x, y) =
∑
δ
ψδβ(x, y)⊗ Vβ,δ(y), (x, y) ∈ M2p1 × Oˆβ ⊂ Qn,
where, by considering y ∈ Oˆβ ⊂ M2q+12 as parameter, we viewed ψδβ(x, y) =
∑
	 f
	,δ
α,β(x, y)Uα,	(x) as a global sec-
tion of Σ(M1). Similarly, by fixing some α and 	 in the collection {f 	,δα,β}, we can rewrite (3.10) as
(3.13)ψ(x, y) =
∑
	
Uα,	(x)⊗ψ	α(x, y) (x, y) ∈ Oˇα ×M2q+12 ⊂ Qn,
where, by considering x ∈ Oˇα ⊂ M2p1 as parameter, we viewed ψ	α(x, y) =
∑
δ f
	,δ
α,β(x, y)Vβ,δ(y) as a global section
of Σ(M2). Let {κα} (resp. {τβ}) be a partition of unity subordinate to the covering {Oˇα} (resp. {Oˆβ}). With the
notations in (3.7)–(3.8) and (3.12)–(3.13), we then have
(3.14)ψ(x, y) =
∑
β,δ
ψδβ(x, y)⊗
{
τβ(y)Vβ,δ(y)
}=∑
α,	
{
κα(x)Uα,	(x)
}⊗ψ	α(x, y), (x, y) ∈ Qn
and
∇Ekψ =
∑
β,δ
(∇M1Ek ψδβ)(x, y)⊗ {τβ(y)Vβ,δ(y)}, k = 1, . . . ,2p,
∇Flψ =
∑
α,	
{
κα(x)Uα,	(x)
}⊗ (∇M2Fl ψ	α)(x, y), l = 1, . . . ,2q + 1,
(3.15)D+ψ =
∑
β,δ
(
DM1ψ
δ
β
)
(x, y)⊗ {τβ(y)Vβ,δ(y)},
(3.16)D−ψ =
∑
α,	
{
(
√−1 )pκα(x)μ1 ·Uα,	(x)
}⊗ (DM2ψ	α)(x, y).
Lemma 3.2. If D+ψ = λ1ψ, λ1 ∈ R, for some nontrivial spinor field ψ on (Qn,h), then there exists a nontrivial
spinor field ϕ1 on (M2p1 , g1) satisfying DM1ϕ1 = λ1ϕ1.
Proof. It follows from (3.15) that (DM1ψδβ)(x, y) = λ1ψδβ(x, y) for all β and δ. Since ψ is nontrivial, ψδβ(·, y) must
be nontrivial for some β˜, δ˜ and y˜ ∈ Oˆβ˜ ⊂ M2q+12 . Set ϕ1 := ψδ˜β˜(·, y˜) ∈ Γ (Σ(M1)). 
Let Γλ(D) be the space of all nontrivial eigenspinors of D for eigenvalue λ = 0. Proposition 3.1(i), together with
Lemma 3.2, implies that if (M2p1 , g1) does not admit harmonic spinors, then the correspondence ψ −→ μ1 · D+ψ
between Γλ(D) and Γ−λ(D) is bijective. Thus we have proved:
Corollary 3.1. If (M2p1 , g1) does not admit harmonic spinors, then Spec(D) is symmetric.
Applying (3.14) to a standard argument in functional analysis (e.g., see [14, p. 51]), we now prove that the eigen-
values of D2 are all possible sums of one eigenvalue of D2M1 and one of D
2
M2
.
Lemma 3.3. Let L2(Σ(M1 × M2)), L2(Σ(M1)), L2(Σ(M2)) be the completion, with respect to the L2-norm, of
Γ (Σ(M1 ×M2)), Γ (Σ(M1)), Γ (Σ(M2)), respectively. Then we have
(3.17)L2(Σ(M1 ×M2))= L2(Σ(M1))⊗L2(Σ(M2)).
Proof. Let {ϕχ } (resp. {ϕν}) be an orthonormal basis of L2(Σ(M1)) (resp. L2(Σ(M2))) consisting of eigenspinors of
D2 (resp. D2 ). Then, due to (3.9), {ϕχ ⊗ ϕν} is an orthonormal set in Γ (Σ(M1 ×M2)). Hence, it suffices to proveM1 M2
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(3.18)
∫∫
M1×M2
〈ψ,ϕχ ⊗ ϕν〉μ1 ×μ2 = 0
for all χ and ν, where μ1 (resp. μ2) is the volume form of (M2p1 , g1) (resp. (M2q+12 , g2)). Applying (3.14) and
Fubini’s theorem to (3.18), we have
0 =
∫∫
M1×M2
∑
β,δ
〈
ψδβ(x, y)⊗ τβ(y)Vβ,δ(y),ϕχ (x)⊗ ϕν(y)
〉
μ1 ×μ2
=
∫
M2
〈∑
β,δ
{∫
M1
〈
ψδβ(x, y),ϕχ (x)
〉
μ1
}
τβ(y)Vβ,δ(y),ϕν(y)
〉
μ2.
Since {ϕν} is a basis for L2(Σ(M2)), it follows that
(3.19)
∑
β,δ
{∫
M1
〈
ψδβ(x, y),ϕχ (x)
〉
μ1
}
τβ(y)Vβ,δ(y) = 0
holds for all y ∈ M2q+12 \ Zχ , where Zχ ⊂ M2q+12 is a set of μ2-measure zero. Since every smooth n-manifold is
triangulable, we can choose a finite covering {Oˆβ} = {Oˆ1, . . . , Oˆr} of M2q+12 such that, for a sufficiently small positive
number t > 0, the μ2-measure of the union Wt :=⋃k =l(Oˆk ∩ Oˆl) of all intersections Oˆk ∩ Oˆl, 1 k, l  r, k = l, is
less than t . In this case (3.19) implies that
(3.20)
∫
M1
〈
ψδβ(x, y),ϕχ (x)
〉
μ1 = 0
for all y ∈ M2q+12 \ {Wt ∪Zχ } and for all β and δ. Since {ϕχ } is a basis for L2(Σ(M1)), we now see from (3.20) that
ψδβ(x, y) = 0
for all (x, y) ∈ (M2p1 \Z1)× (M2q+12 \ {Wt ∪Z2}) and for all β and δ, where Z2 :=
⋃
χ Zχ and Z1 ⊂ M2p1 is a set of
μ1-measure zero. Taking t → 0, we conclude that ψ = 0 must vanish. 
Remark. (i) The relation (3.17) remains valid when M2q+12 is replaced by a circle S1. In this case eigenspinors of
D2M2 are complex-valued functions on S
1
.
(ii) If both (M2p+11 , g1) and (M2q+12 , g2) are of odd dimension, then (3.17) must be modified as
(3.21)L2(Σ(M1 ×M2))= {L2(Σ(M1))⊕L2(Σ(M1))}⊗L2(Σ(M2)),
for in this case the dimension of each fibre space of Σ(M2p+11 × M2q+12 ) is equal to that of {Σ(M2p+11 ) ⊕
Σ(M
2p+1
1 )} ⊗Σ(M2q+12 ). See Section 4 for a proof of (3.21).
For a self-adjoint elliptic operator T on some closed Riemannian spin manifold, we let Γν(T ) denote the space of
all eigenspinors of T with eigenvalue ν ∈ R. By Lemma 3.1, there exists in L2(Σ(M1 × M2)) an orthonormal basis
consisting of common eigenspinors of D2, D2+ and D2−. Then Lemma 3.3 implies{
ψ ∈ Γ (Σ(M1 ×M2)) | D2+ψ = χψ,D2−ψ = νψ}= Γχ (D2M1)⊗ Γν(D2M2).
In particular,
(3.22){ψ ∈ Γν(D2) | D2+ψ = 0,D2−ψ = νψ}= Γ0(D2M1)⊗ Γν(D2M2), ν = 0.
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Σ(Q) = Σ+(Q)⊕Σ−(Q) under the action of the volume element μ1 = E1 · · ·E2p ,
Σ±(Q) := Σ±(M1)⊗Σ(M2),
where
Σ±(M1) :=
{
ϕ ∈ Σ(M1): μ1 · ϕ = ±(
√−1 )pϕ}.
The positive part ψ+ (resp. negative part ψ−) of ψ ∈ Γ (Σ(Q)) is in fact equal to
ψ± = 1
2
ψ ± 1
2
(
√−1 )pμ1 ·ψ.
Remark. It follows from (3.16) that if D−ψ± = λ2ψ±, λ2 ∈ R, for some nontrivial ψ+ ∈ Γ (Σ+(Q)) (resp. ψ− ∈
Γ (Σ−(Q))), then there exists a nontrivial spinor field ϕ2 (resp. ϕ˜2) on (M2q+12 , g2) satisfying DM2ϕ2 = (−1)pλ2ϕ2
(resp. DM2 ϕ˜2 = −(−1)pλ2ϕ˜2).
Lemma 3.4. Let Γ ±0 (DM1) be the space of all positive (resp. negative) harmonic spinors of DM1 . Let λ = 0 ∈ Spec(D)
and
Hλ :=
{
ψ ∈ Γλ(D) | D+ψ = 0,D−ψ = λψ
}
.
Then we have
Hλ =
{
Γ +0 (DM1)⊗ Γ(−1)pλ(DM2)
}⊕ {Γ −0 (DM1)⊗ Γ−(−1)pλ(DM2)}.
Proof. Due to (3.8), it suffices to prove
Hλ ⊂
{
Γ +0 (DM1)⊗ Γ(−1)pλ(DM2)
}⊕ {Γ −0 (DM1)⊗ Γ−(−1)pλ(DM2)}.
Let ψ ∈ Hλ. Then (3.22) implies that
(3.23)ψ =
∑
k,l
cklϕ0k ⊗ ϕλ2l , ckl = 0 ∈ C,
is a finite linear combination of tensor products of some ϕ0k ∈ Γ0(D2M1) and some ϕλ2l ∈ Γλ2(D2M2). Since D−ψ =
λψ , we have
(
√−1 )p
∑
k,l
ckl(μ1 · ϕ0k)⊗ (DM2ϕλ2l) = (−1)p
∑
k,l
ckl(ϕ
+
0k − ϕ−0k)⊗ (DM2ϕλ2l )
= λ
∑
k,l
ckl(ϕ
+
0k + ϕ−0k)⊗ ϕλ2l ,
which gives
(3.24)0 =
∑
k
{ϕ+0k ⊗Ak − ϕ−0k ⊗Bk},
where
Ak :=
∑
l
ckl
{
(−1)pDM2ϕλ2l − λϕλ2l
}
, Bk :=
∑
l
ckl
{
(−1)pDM2ϕλ2l + λϕλ2l
}
.
We see from (3.24) that if ϕ+0k1 (resp. ϕ
−
0k1 ) is nontrivial for some k1, then Ak1 (resp. Bk1 ) must be trivial. However,
Ak1 and Bk1 can not be simultaneously trivial, for in this case we come to a contradiction∑
l
ck1lϕλ2l = 0.
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(3.25)ψ =
∑
k+,l
ck+lϕ
+
0k+ ⊗ ϕλ2l +
∑
k−,l
ck−lϕ
−
0k− ⊗ ϕλ2l ,
where ϕ+0k+ (resp. ϕ
−
0k− ) is nontrivial for all k+ (resp. k−). Since Ak+ = 0 (resp. Bk− = 0) for all k+ (resp. k−), we can
rewrite (3.25) as
ψ = (−1)
p
λ
∑
k+,l
ck+lϕ
+
0k+ ⊗DM2ϕλ2l −
(−1)p
λ
∑
k−,l
ck−lϕ
−
0k− ⊗DM2ϕλ2l
with ∑
l
ck+lDM2ϕλ2l ∈ Γ(−1)pλ(DM2)
and ∑
l
ck−lDM2ϕλ2l ∈ Γ−(−1)pλ(DM2).
This completes the proof. 
With help of Lemma 3.4 and Proposition 3.1(i), we can now improve Proposition 3.1(ii) and Corollary 3.1 respec-
tively as follows. Note that
H−λ =
{
Γ +0 (DM1)⊗ Γ−(−1)pλ(DM2)
}⊕ {Γ −0 (DM1)⊗ Γ(−1)pλ(DM2)}
and recall that the Aˆ-genus of (M2p1 , g1) defined by
Aˆ(M1) = dimΓ +0 (DM1)− dimΓ −0 (DM1)
is a topological invariant (independent of the metric g1).
Proposition 3.2. If Spec(DM2) is symmetric, then Spec(D) is symmetric.
Proposition 3.3. (i) If Aˆ(M1) = 0, then Spec(D) is symmetric.
(ii) If Spec(D) is symmetric but Spec(DM2) is not symmetric, then Aˆ(M1) = 0.
Remark. Spheres Sn of constant curvature have symmetric Dirac spectrum in all dimensions n  1. However, the
spectrum Spec(D) of a sphere S2m+1, m odd, with Berger metric [3] is not symmetric in general. If (M2p1 , g1) is
simply connected and p  4 is even, then the condition Aˆ(M1) = 0 is equivalent to the existence of a metric of
positive scalar curvature [16].
Proposition 3.4. Let (S1, g2) be a circle with (possibly non-standard) metric. Then the spectrum Spec(D) of (M2p1 ×
S1, g1 + g2) is symmetric.
Proof. Let ξ be a unit vector field on (S1, g2) as well as the lift to (M2p1 ×S1, g1 +g2). Because of Proposition 3.1(i),
it suffices to show that for each ψ ∈ Γλ(D) with ∇ξψ = −λξ · ψ , there corresponds bijectively a spinor field ψ∗ ∈
Γ−λ(D) with ∇ξψ∗ = λξ · ψ∗. Let P˜M1 be a Spin(2p)-principal bundle over M2p1 inducing the spin structure of
(M
2p
1 , g1) and fix a local trivialization {(Oα, σ˜α, g˜α1α2)} for P˜M1 . Then each Uα,	 = [σ˜α, u	] is a local spinor frame
field defined on Oα ⊂ M2p1 . Let Uα,	± be the positive (resp. negative) part of Uα,	 . Then ψ can be locally written in
the form
ψ(x, y) =
∑
	+
f
	+
α (x, y)Uα,	+(x, y)+
∑
	−
f
	−
α (x, y)Uα,	−(x, y), (x, y) ∈ Oα × S1,
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√−1 )2p+1Uα,	± and ∇ξψ = −λξ · ψ , we have
(see (2.9)–(2.10))
ξ
(
f
	+
α (x, y)
)= −λ(√−1 )2p+1f 	+α (x, y),
ξ
(
f
	−
α (x, y)
)= λ(√−1 )2p+1f 	−α (x, y),
where the left-hand side is the derivative of f 	+α (resp. f 	−α ) towards ξ . It then follows that
(3.26)ξ(f 	+α (x,−y))= λ(√−1 )2p+1f 	+α (x,−y),
(3.27)ξ(f 	−α (x,−y))= −λ(√−1 )2p+1f 	−α (x,−y).
Define a spinor field ψ∗ ∈ Γ (Σ(M1 × S1)) by
ψ∗(x, y) =
∑
	
f 	α (x,−y)Uα,	(x, y).
Then (3.26)–(3.27) imply ∇ξψ∗ = λξ ·ψ∗. The one-to-one correspondence ψ −→ ψ∗ is clear. 
4. Proof of equality (3.21)
We give a brief description of how to modify (3.7)–(3.9) and thereby prove (3.21) when both (M2p+11 , g1) and
(M
2q+1
2 , g2) are of odd dimension. The description in this section is independent of the main result of the paper but,
together with the results in Section 3, might be useful in many cases, e.g., when one further investigates the behaviour
of the Dirac spectrum on foliated manifolds.
Let (N1, gN) be a 1-dimensional connected manifold (i.e., an open interval or a circle) with (possibly non-standard)
metric, and let (M2p+21 := M2p+11 × N1, g1 := g1 + gN) be the Riemannian product manifold. Let E2p+2 denote a
unit vector field on (N1, gN) as well as the lift to (M2p+21 , g¯1). Denote by (E1, . . . ,E2p+1) a local orthonormal frame
on (M
2p+1
1 , g1) as well as the lift to (M
2p+2
1 , g¯1). Then the spinor bundle Σ(M1) of (M
2p+1
1 , g1) may be thought
to be embedded in the positive part Σ+(M1) (resp. in the negative part Σ−(M1) ) of the spinor bundle Σ(M1) of
(M
2p+2
1 , g¯1), the Clifford multiplication Cl(M1) × Σ(M1) → Σ(M1) being related to the one Cl(M1) × Σ(M1) →
Σ(M1) via
(4.1)Ek · (π∗ϕ±) = π∗(Ek ·E2p+2 · ϕ±), 1 k  2p + 1,
where ϕ± ∈ Γ (Σ±(M1)) and π∗ :Σ±(M1) → Σ(M2p+11 ) is the restriction map. Let (F1, . . . ,F2q+1) be a local
orthonormal frame on (M2q+12 , g2). Identifying (E1, . . . ,E2p+1) and (F1, . . . ,F2q+1) with their lifts to (M
2p+1
1 ×
M
2q+1
2 , g1 +g2), we regard (E1, . . . ,E2p+1,F1, . . . ,F2q+1) as a local orthonormal frame on (M2p+11 ×M2q+12 , g1 +
g2). Then, with help of (4.1), one can define a natural action of the Clifford bundle Cl(M1 × M2) of (M2p+11 ×
M
2q+1
2 , g1 + g2) on the spinor bundle
Σ(M1 ×M2) =
{
Σ(M1)⊕Σ(M1)
}⊗Σ(M2) ⊂ {Σ+(M1)⊕Σ−(M1)}⊗Σ(M2)
of (M2p+11 ×M2q+12 , g1 + g2) by
(4.2)Ek ·
{
(ϕ+1 + ϕ−1 )⊗ ϕ2
}= {Ek ·E2p+2 · (ϕ+1 + ϕ−1 )}⊗ ϕ2, 1 k  2p + 1,
(4.3)Fl ·
{
(ϕ+1 + ϕ−1 )⊗ ϕ2
}= {E2p+2 · (ϕ−1 − ϕ+1 )}⊗ (Fl · ϕ2), 1 l  2q + 1,
where ϕ±1 ∈ Γ (Σ(M1)) ⊂ Γ (Σ±(M1)) and ϕ2 ∈ Γ (Σ(M2)). Denote by ∇1 (resp. ∇2) the Levi-Civita connection
and by D1 (resp. D2) the Dirac operator of (M2p+11 , g1) (resp. (M2q+12 , g2)). From (4.2)–(4.3) we now obtain the
following formulas for the spinor derivative ∇ and the Dirac operator D of (M2p+11 ×M2q+12 , g1 + g2):
(4.4)∇X
(
(ϕ+ + ϕ−)⊗ ϕ2
)= {∇1 ϕ+ + ∇1 ϕ−}⊗ ϕ2 + (ϕ+ + ϕ−)⊗ (∇2 ϕ2),1 1 π1(X) 1 π1(X) 1 1 1 π2(X)
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(4.6)D2((ϕ+1 + ϕ−1 )⊗ ϕ2)= (D21ϕ+1 +D21ϕ−1 )⊗ ϕ2 + (ϕ+1 + ϕ−1 )⊗ (D22ϕ2),
where π1 :T (M1 ×M2) → T (M1) and π2 :T (M1 ×M2) → T (M2) are the natural projections.
Let {ϕ+χ } ⊂ Γ (Σ+(M1)) (resp. {ϕ−χ ′ } ⊂ Γ (Σ−(M1))) be an orthonormal basis of L2(Σ(M1)) consisting of eigen-
spinors of D2M1 . Let {ϕν} be an orthonormal basis of L2(Σ(M2)) consisting of eigenspinors of D2M2 . Then, due to
(4.6), {ϕ+χ ⊗ ϕν}
⋃{ϕ−
χ ′ ⊗ ϕν} is an orthonormal set in Γ (Σ(M1 ×M2)). Let
ψ ∈ Γ (Σ(M1 ×M2))= Γ ({Σ(M1)⊕Σ(M1)}⊗Σ(M2))⊂ Γ ({Σ+(M1)⊕Σ−(M1)}⊗Σ(M2))
and suppose that∫∫
M1×M2
〈ψ,ϕ+χ ⊗ ϕν〉μ1 ×μ2 = 0
and ∫∫
M1×M2
〈ψ,ϕ−
χ ′ ⊗ ϕν〉μ1 ×μ2 = 0
hold for all χ,χ ′ and ν. Applying the argument in the proof of Lemma 3.3, one then verifies that ψ = 0 must vanish.
This means that {ϕ+χ ⊗ ϕν} ∪ {ϕ−χ ′ ⊗ ϕν} is in fact a maximal orthogonal set in Γ (Σ(M1 × M2)), which proves the
equality (3.21). Furthermore, it is easy to check that (3.21) remains valid when M2q+12 is replaced by a circle S1.
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